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The problem of the interaction between the laminar boundary layer over a plane surface and an abliqüe 
shock wave Incident on the surface was treated by separating the flow in the immediate vicinity of the 
shock fropä the rest öf the flow in the viscous gas layer adjacent to the surface. Exceptlor very weak 
incident shock waves the pressure rise along the surface causes the laminar boundary layer to separate 
upstream öf the shock, Which determines thd shock reflection condition; When the laminar separation 
#stream of the shock is studied, it is found that the ratio of the pressure at the separation point to the 
pressure far upstream of the shock depends only upon the Reynolds number, the Mach number, and the 
jätip of the speet|ic heats of the gas» 
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stimmt 

' 'She. p>obleai of the interaction between, the iaoiihar- höundary leysr . 

/over a plane surfafes ana an oblique shock wave, incident on -tine -surface   is 

4reatedr''6$- separating theZSow -in the''iÄeoliate vicinity-of toe "ohock" 
• 'J ; : - •  " - • - - - -  - 

. from tae. pest .of the flow in- the viscous gas layer adjacent tft ihe. jsiffifaoo;   ,, 

Away from the shock wave the ordinary boundary layer theory remains valid in 

this- case, and the properties of the  'main'1 supersonic flow «sa combined 

with, a modified Böhlhausen jsethpd for the tsicülätion_öf the jbouhdary;.layer ._ 

flow.    It is found that the pressure rise communicateäi upstream- of the ehock 

wave, through the subsonic portion of the boundary layer decays axponeatia2g.y 

with distance from the shock.   Expressed as a fraction of the diötahce "X"    _. 

from the leading edge, the relaxation distance, "Xfä', or diatahce required 

for the pressure disturbance to. -decay to i/e of its original value,varies 

vitn Reynolds number  &LX like     JITSJU    >  is large near M s l^oHs 

to a minimum at--M =   1.6 (for air), and thereafter increases rigidly with 

rMachT-numoerT:1 _. "   ~-\ " •_ -- _ -. ..*- — .__• 

_Ezclept: fpr^vary Veäk~ inöide tit ahocjs._waveä the pressure-rise along 

-the surface-'oa^Jses-thef~£aminar ^Sü^^y_3^!e^ to jjepsrerte- «poieeo» of th& -- 

shock.    This flow gcparat&an deteraihea. the shock reflection condition*—    .. j 

She. subsonic "reve^sect"flow near the surf&tss dbwnstrsssa ä£_3sporatiott can- 

not support e-preasura discontinuity and the incident shock yave in re^esctsd 

as an öspsn^ibn "fan" s&ish,» ;Jüsi cancels: iäss pressure riss acxöEä £he~eb©clu. 

Th€! flow is deflected back tOTard the surfses and reat.tßcbej» itself tojjfet- 

rkosface Äaim-äfs^nca- dcnm&t-i-eäsi' of "the shock. ."; 

^ii£-ää^^ 
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üäSBOürAüiioiäi SHGISESBIHI lasgsssssi '-.-..   .   ,   • 

* 

""-"•"..-:'"" .-'••löjen the laainar separation--^stream of the shock is studied in 

jsöre detail, it iff found that /the .ratio of the pressure at the separation 

ptJihty    jj>r     ) Ito.the ,^resB"are:;far upstream of the- shock, / , depends only 

on.the. Jiey^olds,1hJmber.?.'thc Mscfa.number, ahd the ratio of the specific heater-  - 

of the gas *    For incident shock prcssm-e ratios     ..^%   ^J£L     '      ' TäpproSi&i"" 

separation doss-not bccar*. Für    kl   >    </y    the hoimdary layer separatöff, 

and the- separation point moves rapidly upstream with increase in incident 

shock pressure ratio.    In some, cases the influence- of: the- incident she-cite 

expends upstream for -a- distance of. 1QÖ-150 oQundary layer displacement thick« 

nesses.    'When the distance between separation point and shock is large enou^ 

transition to turbulent flow occurs- in the separated outer "jet".    This situ- 

ation arises when   f/ %i  &*fkA    • . .---_. 

Certain general conclusions are obtained concerning the. effect of - 

Beynolde ntmiber- and >fech-number on the extent of upstream influence of the 

•SiF 
ftS- 

incident shock wave-«   . , -     -   ---.        - -------       -   -• 

(i) .Bear -eonic" velocity (H:%./ D boundary layer separatism 

^n*D^ccur^ 
p.   _ -_...---,      :• •---_;- •--  y      . :,.• -.       - j:   V       [ ' . ~ — 
M~.••—'-'•-' ~'"r'•'"    ^"reliasation distdnöe1^   -#   %   ,^t \%      - i.i. ,>&' "    . :: 
P     -;-• ".,-..;"  -5 -.;.-'••-..•    -   -.      "\*-    -(*%)*       H^ ?—    ,:;,-::-,,;-        ,    ' -: 
% '     (ii)   T?or%   >   IvS?; Jena Ät'-B^, & 4<& roughly^" ail pcs^ihl« ; 

fj ._   ....'incident^Vliaue shock vavee^^ .__-j 

'-:    >..  :  •    • Ratios greater than Ä^^and W «ä» trdnnitiorto turb^f^ ;=,::: 

f...;: : :: w the: ii^i^-^w:*.^^^. ^;ä- ^?**«f:^?r • 
*|"-    .   ,   ' ..in"thiSea^iex»a3ured^ . r^J 

• "SB* 
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.ÄSRÖE4UK1CÄL E3S&IH^BiS6 I^BOE^DBS- /.-; 

Beyholds number for the separated outer .jetXana -inp^easee-^apldi-y -vita    -.-.- 

decreagi^ Beyaolds'. number, end vita incr©asijig.,Mach number for /ty>/U (kirJL 

At very feigh. Reynolds numbers-^ provided the. boundary layer over tu©- surface. 

Is stilllamthar/'the 'cS3ratan.esbetweehlsliparat ion-, and transition ia asally 

Ciii).   For incident-shocks for which  M-< S- «^ ^..xk.      *b° 
>;.-_.. v- -?-:•-.'.-.-i;.:-.-. -- -:-;--;   . //   ' #_- .-••:.; ;# Tr"--?--'- 

s-i-tuatioh- is äs. follows:    For M-j_  <    l,lp   -{approx; ):,r an" increase ia Hash, -. 

nxanber ixsreaaea '  f^   ""'and    Js£-"'       ~}vhfle for KL"_'>   1,15 fapprb^O ä» 

increase in Mach number decreases    ^L and   -%       .    lh& separation 

point moves closer to the incident shock yave rapidly with decrease in 

Reynolds number., and the over«!! sstent of the upstream, influence also de- 

creases markedly.    If the Esynoi'tß number is reduced suffintently* boundary 

layer separation doea not occur euid <nC    ~-~   Vv      .    Such a. secniauce of 

avaats might be observed if an oblique shock of given atreagth- io^made to 

strike a* plane surface closer.and closer te the leading edge. 

TM osthoda utilized in the present study, „give only appoaximat© 

solutions tö the bo^idary layer-shock -wave, interaction, problea..   yarefully 

planasd Qzperiae.'&tE are mv needed to. teat the validity of these ep^syaadma-. 

tione end to help detenalpe the proper direction for future theoreti«al 

worki .  — " 

Some of the" methods of the present, paper cm Ve_^sner8ii?o4...to . - 

traft laminar' boundary layer-ehpck T?sve ±ateyü£%Ioas fox .a^eraOijia flof    ._ 

i*r.;a corn?rrasd for the~flav.ssft.r the' trailing «age of & supersonic air- 

foil.    It- ie also yesstätis that iaterettlisaa botween shock Wätfaa asd-& ter~. 

bu&st bo.tmaa.ry layer Cöä be studisd by sltdlttf äsetbads,    fhsss qmB*&B&s 

are nev itsäsr investigation. 

•""^»^•^VTä««»^ 

^-tf^ssgs^-ijFiefc i^^B^oas^vH^- 
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JS<SB0H«OS3CÄL EMffifefflBKEHSP ^(tBQBASOET 

JS3?- OF SSfflfiSSL.-". 

2?bö aubscrtet/'l" denotes- phyäiöM qüafttitie.B intue freä ;ö.tre.ein -=-J 

£al^teaa^tM;ineideGt shoc^ ** =*?=«£ V denotes.'Ün»w'. "_-J 

attha 'edge" of tae boundary ia^rj-"-tbe--subscript--^äqiftu Wtlties " \"V| 

at the separation pei^ jmile "*» denotes the roattaötooafe5o±^., ^e^ub---J 

script "0" denotesquant-itioa at sense goiut -« aurface fc upstream -of shock, f " J 

X coordinate parallel to plane surface, mejaBUred from,point of 
_-- incidence of Gbliaüe "shock       ' .      ..,--' 

X distance along surface, measured from leading edge I 

v£ coordinate norasal to plane surface _-.." - | 

pressure 

"p     " -       density""' 

"» _-. 'Abs.qiH.te -tejapesatiass ----- 

&. ordinary- coefficient of viscosity 

"TV_ exponent in relation        ^/vf' 
-*•': 

f" 
v   y 

--rd 

Y               --via Of spsssifie heata of ffe».. "A'-                             -                                   E 
-   -     "   ' y- V                       -         -              L 

C     local epeed of sound . /              £: 

UÜsn-X) component of gas velocity parallel-to- ourfaw  

, ä       . „i . ."      • . -    -»jy'      "      ".-.       " -   . -  - ^        •_••"-•-.] 
M Wseh xsosibs?..    .-  ~f.     - -        - ,-.---. -   •• • 

'     /C        -     -       _.   ,   '--. -  - 

0 >cn>cds2gr layer -eniekao&ö 

-rr- •- 
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Poce i? 

5" TjouaaiJÄy laysr displacement tMcknees* 

0 } 

l~,.  ..„Characteristic lengtlu_l-ater takaxris    *5~ 

F 
J& 

1 

V 
& 

   " ..'.-'   Tf.     C"""* 

Reynolds nuiabei-v ~ XL}~L '      —-.._----.--_. 

"relaxation distance"., or distance upstream of shock required. 
for disturbance to decay tor l/e of original value 

7-ä-V*«-TI a av4> tent of -iwstream influence of incident BIIOCI: wave 

pressure ratio across incident shee& . 

angle of flow daflection acroBa incident shock 

angle-of inclination of flev,     ^ ^/ii 

*-? 

J  —f: 

isa&^a/-^-- ia£ste~j£z:_:ji. :m, [imtLZMsi j.^ji^r^i. Lä^iäj^^ti^&^7$&i£&^ 
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E^erimsntalinvestigations of" transonic flw over airfsils aM 

c-ürveö - surfaces haves shown t-ha-fc the interaction between Bhock waves and the |: 

•boundary layer l$.xnatr^^nia±_in..determhiing the flow paiter& e^ pressure J] 

distribution over the eurfaee. (inferences l-E)^-. Boundary layor*0hQ.cX mre f; 
""•---•"_'---'            -                     .   -                                         - :.     i. 

" '                                            '       .                   -       -----       -                   .',"-.-... ii 
interaction must also pj.ay. an important role in aupersenic flow at the rear |; 

of airfoils and bodies of revolution*, and in supersonic nöszles and diffusere.       F 

From, the result's of earlier work on -tiii» ^rvblem. it. appears that the inter- jj 

play between the boundary layer and an "outer" or "spin" supersonic flow .. •; 

differs in at least two important respects from the rrore familiar case of • 

subsonic flow. "- •      - 

 Lx). _j;a supersonic flow, the develcpssn-Lef the Jbou-idary layer along    ^: 

the surf ace produces pressure changes that are propagated outward into, the _j 

main stream alone. Mach lipes (.or within Mach cones).    These pressure changes, \ 

in turn,|determine the subsequent development of the bouKdary leye?.    In the ] 

present paper it vill be. shown that this "feedback" phenomenon, vhich has no ""^ "j 

couhtörpart in subsonic- f low.» is-particulwriy importaaffi when the .static preg-      J 

.sure: ±a increaeii^inlffie~fiow dira&tiou^ "_._"..; 

(2)    in supersonic flow rapid pressure sbanges near the surfttt-e, 

genaratsd by incident shock." vavoo or sudden, flow doflecUsiis at the eurfaco, 

are ccsamunic&ted »jpstream vita diminishing intensity through the -jubsonic 

pertion. of the boundary layer.   tfeMke subsonic fio«., the d£WJ?d£*&» oo^Si- _ -' "- ^ 

tiöitä SffBät. täie upstream bOulJäary "l£|yör-'££öv "fiäeefcly-"-    . -- . ""  " i 

- T '%%>&: 'jr^^^^^^j^^^^^^M^i^^f^^^^i^^^^^^^x^^W^. 
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jmOWmW^L WEEBBS8HS I^BORATOBS - 

Is subsonic flow; the boundary layer is determined -completaiy by 

the^xteruäl_fiov'j and the effect of the.boundary layer growta on the 

pressure diBtribution is negligible at high ^Reynolds numbers, so long aa 

'"'BeiJBEatibü" doss net occur,   For certain süpsrüonlc flows in whieh. viseoua 

forces are important, the boundary layer and the so-called,n'external, flow" 

"w!DLIT^ve_tö^e"d3tefmiiied simultaneously as part of the same problem. 

T-ht> present paper is particularly concerned with the part played 

by the subsonic portiou of the boun^ery layer in the interaction betveenthe 

boundary layer flow arid an "external" supersonic tstreasj.    An attempt is fflade V 

to go beyond the_ quiilitativs discussion in reference k, by ec®v£nine the: 

boundary layer equations -with the properties of .the main supersonic floWj- 

at leaat approziffiftely.    In order to concentrate on the. important-physical 

aspects of.the p.'oW'ja, and reduce i&e, mathematical complications aa much ns 

possible- the .study deals with the interaction between the laminar boundary 

layer over e. plane surface and an oblique incident shock vaveJLa an other- 

wise""ünifö;mj plane supersonic flow,    Sven in this "simplifiedl" caae. the. -_... 

physic 1. situation Te fairly coEplicated;, involving; boundary layer separation^ 

for esurole^runder certain flaw conditions^ so'that one ia .not"yet at the 

point where exact theoretical solutions are possible-,   tfsvertheieea, the 

theoretical analysis can fca. cycled to furnfash .an- assroxiaatloh to the enr~ 

.'ace, pressure Distribution, asä the extent of apstreea influence of "the isei-- .. 

dent glwcl: wave, as 'leteminsd ty tfce Keynaids »saber,, the ifech nunfer, ans   , 

the incident shook"strength.    Cfejserai reuulte obtained in thJ* rtOatiteiy 

simple case can perbt.ps op-->n th-s way to a consideration cf ccro involved 

boundary l^er-eh<?c*:. wave- interactions. -_- - 

••• -m 
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Although the hounaary ie^e^ahöek Wftye^Mt-^sciiojQ.prpilaaj.iia^.--   ., 

hot yet "bem attacked diredtlyi the general question of viscous effects i=n- 

"supersonic f low is receiving oonslderable attention -at.pres-9iviu  -^or-^xsiapla;, 

•Ba^eratrom-"-'(reference- % and nis co^oi^frsare: engaged in a.fun^Btü" 

study of the part played by viscosity in supersonic fiovt^ Inciudiasr the; ones-, 

tics of the applicability of thcTnslslP^snatl boundary layer equations.        - 

Liepmara. Reference 2} ana Osvatitsch and V&e^ardfc preference $)- have -dealt, 

brief ?.y with the question of the "staMlity" of the interaction hetveon the 

boundary layer over a surface and the "gain" supersonic stream-    When the   -= 

str.tic pressure increases in the flow direction,the boundary layer thic&ensv 

rapidly along the purface.    If the pressure gradient- i-e large enough-üo that 

the- effeeti^-^tres^±x^'5«ri?5ture"     ^-c-:-.-:    1b«cö^o"pQeltI^ then"-the--  " 

boundary layer growth contributes still further to the idvsrse pressure £rs?h 

lent, according to ths Pranatl-Meyer relation     -f-~ ZJL   = —r~"    •——— _ 
.    .....   •-.•.•.-._••;."•_   ^4;".^:^:~: ::-t 

Tnxs-, thtre is the possibility of an ''unstable" growth of -the- ^sunds^ lo^a^ - 

In a"decelerating supersonic flew.    With the aid-of th& von KarJt^s fec^ntlffii    _. 

integral equation for its boundary layer, Mepoahn finde that    Äl£ <*-£"£• 

if the curvature is sufficiently large and the change in shape, of the V3iocj$£. 

profile;* ' is neglected,    gy oesibinins this i-eeult with the- 5ra»dti-5fey»3r-'^ela* 

tior he shows that the boundary layer grows- psponenfcially Vttät d£stsnsf«j§i$ög- 

the scsrfaee«    Sioilaxiy,," an sjq^neatial decr^eg^-of the b<niadß'ry la^gr- •t&iek*'". 

THres^e^pTbccurlbi. the"stsperäcsic flew"osroün?"« :-£fees*p- wsrasr, .»hesss the statte \ 

pressure decreases 'räfaresfsly rapidly _iii th-. flow direction.    Of cOitr^R, 4® -    - 

Ltepajajtn points <?»*£, ona arust -Äfe ?«rtain thct. the Uxmäm-y Lay*r «tgvistfms 

are- v&Üd- in such cases before ßrasriäg öt-,1«it» csaelusieas* 

I 

-m 
-I 

r- 
-••;:£ 

f.: 

"X. 
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ÄEROlIAT'iiCftL ^IfiESöSiJfö LAfiOBÄ^OB? : '   ' 

Gswatitscn and Wieghar&t examias the stability öf the interaction 

-between-the boundary layer and the..4asin .flow, by stnftyftg the growth or decoy 

of ja small,, „steady sHsturbance u!  superposed oa the supersonic stream neaf- 

-thf' sur&äeeof. a. flat plats.*. . t&csa the -Soil Kaxman_ momentum, eguatida^ by Joffe,. 

ing the change .of velocity "profile" into account, they find that     „ 

for tne laminar uOuPw&ry layer in the limit of very ßaall pressure gradients» 

Since    _!-- -2£t := =~^:     ,—   j "kke small disturbance grovs^ exponentially 

*d*h distance aloBg'the stxrface^. i«-©,, V-    '•&  LL0 ß » 

-tOf -course the linearised theory cannot folios the subso-guent ji3.tory of the 

-ddsturhance.)    While this result is tindoubtedly cbr?ect^ the "initial" mag- 

nitude    iltj of.the email, disturbance is of practiced.importance, ^ust as 

in the case of the amplification or unstable' (Toi^ehT^^aifltuirbaQcea vithin 

the laminar boundt«ry layer above the minimum critical Reynolds number.    Ehe 

point of view of the present paper is that the magnitude of the disturbance 

-Saust be linked to a.definite physical situation fj3r_a_jaeaningful result *- 

such as the disturbance communicated upstream of a shock «rave incident on 

the--sorf&ee.. In^this case^ it is the growth, of the disturbance as the shock 

is approached that turns out to be important.    In. other words, th* physical 

origin of the steady disturbance must be carefully specified« 

Several investigators have studied tha probiea of this- rcsfletr&ion 

of steady disturbances incident on the boundary ls?sr over a STE-face., but 

. Äfcfchöttt. briigisg. ±s_ths. .Kfcssoss &ZZsets, directly.»   In ah unpyblishsd gmzs*- 

Wasble. considers SSÄ reaction end reösetionfof aft tBB2te@b Sa^fcw** _« 

it p&aees- through-tho oütorj- su^'öSnic'pöi-tion of Shü b^uBdßry ley*?»    2&S 

»„ * - —-  .'  v-v,_A   _ ._.tc. .       "       . -   .    • - —'-^i    *Ä<—L. _i_._-Ji. »u- . 

.** M**..ar??S5 '5^*** ?"PB^>.*r ***'." y*J*,i.u'v.' ^.'*LK'^"'""*?'W' !"^**l'-**'MJve,''**w'?!!?T* 
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-   bc/CLSdary layer is"replaced by a series of vortex layers .^nds^iectiQnrconMA-,.. A 

..   t-iöüs- at eeLh interface are investigated by means- of tbs IJneari^ed.tHeory^. ""• 

As anticipated from the sftock-po-Jar of presaiirs vs.. deflexion-ane^a, Täse;r / ^ 

incident KaVe i-s reflected as- a-^asre-of'-the Earn© -sign for local "Tt< s/Stv    ^~ "'1 

and of .opposite sign for local  H^' fz"~".    While a linearised treatment of: \ 

-   the skosh -refIsctiafefrom the outer> supersonic portion of the_ boundary layer-        < 

furnish useful results, it is not capable of describing, the" observable Shook J 

vave-boundary layer interaction for a laminar boundary layer,    SowarthXre^r- ..-•.- i 

erenc? f) has attempted to take the subsonic portion of "the boundary layer      - -• -? 

into account, at lrust approximately.    He deals with the beiiaYiof Of paallj 

'- steacy disturbanceo in an" infinite o^yersonic stream bounded on one side by- -        - =. 

an: irf iaite .aarallol anbssnic ötresjä,    fe important result is the. .upstrenai--    ' ~\ "~\ 

epres'dlng^cf thasß disturbances through the subsonic region.   Prösgureäisr ...     ~~--\ 

turbünceailscideitb ofifhe interfaco between the supersonic-and.•subsonic•-.- .-.—j 

atretiws are reflected as disturbaneeä of opposite ffitja/because^-the pi-oesurs 1 

is ccntinuo,U3 in the steady subsonic flow; thus an incident ccsrorosslon iß   . I 

ref.li.oted m an expansion "fan",    l^sien hap extended HowartH's study to th©    -----   -I 

c^.e "of .'-n. iafiiyt-e-e-dröersontc st resa bounded on one side by a parallel sub- | 

sonjLc vtrcam flowing over a plans -surface.»   She r&äuktix ot those iävftatäea- | 

tion? are clear- ;?roo? of the import-r-nee- of the «xiSJeo&ie region: of th& bound-   - '"" -| 

or; laysr.    The proser.». -•.«dy e2o>:c  'n addition to brinj in the TTISCüUE, of."   . % 

f-dte, by investigating the böfcssdor of the "sowsdary X&yizf ia reaW3JW<» to -     -  —    #1 

the pre-3-sur-e- -rise ecE&unicst^ "'upstrcca of, an lac.Lieut, -ciwcfe v^tr^^trsnzEic-.r-r-        "T 

. thcj- srtTieonic ratftojinair the sseg&cö. 

^asii^^r.;:^ tg,"^* **** - ^«*Jfcfc 

- .   " - ""   **~^>**~V4^'^8^^'n&<?S>^*Wt<<?*-3-*'* 

».   «.- 

X. ...---  f 

h 

---& 

£,•£ 

• x J»«_ i-fe^inÄCi i-%~- kS&Ärw^.j^vÄ- S:„»ä?U,'. 4^^*Äa"*^,"-,-;"^fef5'*!Ä,^'Si'»s.^: 
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2,    Siatgaaat, uof .the^cgMgm : -i, - 

Anoblique shock wave in a steaay, plea© supersonic flow ie. inci--- 

dent uponthe „Ts__in?,r. boundary layer ojfcr- a plane sxirfscs (figure.1),,    ?jäx 

away-from-the sta-face the reflected we're emerges äs anobliqueshock which' 

returns the flow to.its original direction; the ..pressure rise across this 

shock and the shock angle can. of course be computed from non-viscous flw 

theory;.*   Hear the surface the phenomenon is apt- quite a© siisple,. because 

the incident shock .wave cannot penetrate the cubsonic portion of the boundary 

layer.and the preaaur§ distribution on the surface jnuat be continuous»    $he . 

pressure "jumps" across the incident and reflected shocks are effectively 

diffused through the subBonxc portion of the boundary layer in both direc- 

tions away frc^. the., point ax_ghich im .incident shock first Dtrikee the 

bouadArys^layer.    -he -total incf&aSö~^>pre8S.U£e on the surface,    k. - b, , 

must be ejäjä^.to' th^p^goure .4x^eäaab^^^äi^t|iOb^^i^nb.jegciö reflected 

.shocks, far-froaff^i^^urfacsi--'-'?!?:.,   ./ J'-"-/;-"... -. :^-";. 3",., ""- >--" 

Two principal, fIOW^O^^B.;.cäfiföbö ^ettnguish^i^xlj^theflov. in 

the.iimeäiete Ti;cicit.y of the pöiat""^';#iicj|"%h«,; obliqj«?.shccKstrikeB. the 

boundary layer, where viscous forces, are presumably of ueeead&ry Jj_©oriai~ce/ 

and {Z)f "the flow in the laMmr ho_indary leyer -pctreas. aaä aovjirtrefflj nf 

the shock, reflection region, where viscous forc.ee are doainairt. _ Altäsaiflx ' - . 

one f lov region rau&t pass continuoyaly tefcothe other, the approsi.aation 

wilä be-oade that "the £wo regions- tare distinct» "' In other words-, the flew" 
_•/£*!        ""'.." !____    _' _      . 

inclination iKr   "«_,_ iKach naraber ^vsi upsfcr'wr. «f__thta incident shock era 

calculates fro«, rUcou»* flow theory,"   Üeine this infoiT-Stion, the reflectJOJ* 

*   tar a__^llc-ty it is ^SBtsssd ifes* any otter ptisnissl beusäerlÄ» in aba 
flew «H»"__t_Tic_-_s__y f©r sws? m t___t th«*y do set imi-ance _fe* iater-stcti^ 
direct-J=„ 

"-^Ä-w^^p»!*^»^^ — 
~'«w''<WTO3s«jq^ 

- s-3 

X 
*lH&VSiSK&l&t-?      '-f-T   ...-S**.«*    .    -.   - .Vv.J*N-?/*'*V 
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of the shock wave and the 3xföJl~ä$t£oa öf the flow imediätely downstream 

of the vsfleötftcL disturbance are' dai'Cui&t.Qä on the basis öf Äön^yiscsöB- — -- 

flow theory, once the- proper reflection. -rö]gfi^iöa^.^®-Äöt*i>EL:sBeS. JSje 

problem is tp.  determine these reflection- conditions and tq relate the"-•'be- 

havior of the boundary layer !|pstreäis and downstream of the shock to- the - 

incident shock stronStikj,. the Eeyfiöldä -number.,- and the Mäch number. 

3. Surface Pressure .M-stribufrfon and Bevelopment of ILäifeihär Boundary 

-Layer tipatreas of Incident Shock Before Flow Separation OccayB- 

Upstream, of the incident, ahocic the. f örm of the -presnure distribu- 

tion MY,)   along the" surface is apeeix'ied hy the"compatibility" or equili- 

brium condition between the boundary layer ana the main: supersonic stream. 

As a first approximation, the pressure changes. In the flow produced by-the 

growth of the boundary layer are calculated by replacing the boundary layer 

by a streamline: of slope &1f     at the surface. The magnitude of the local 

pressure gradient ia_then given by %h&; JfrandtlrMeysr relation 

4J  ix 
7H 

4Wi 

On the other hand, the development of the boundary layer depends sc the 

pi-easufe gxi-uisxtt through a relation of the fors 

#>- 
J^: 
#; 

j/r3 
<U=- 

Tx>^M. J]^^> J 

TT^S«*;MS*S«*!^" 

-  V 
";" ,   -,.""*Y; '*•• 

"z:'Jprrpg-~,ir*?T: 
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-   ' """   "- .- ;.''.'• •! ' •      '      "'      "."•'"& 

- --- •       "       " ' "      - /- '.    "r      . . - '        '      >;     •     •  •' *! 

Irhese two relations lead to a second-order differential equation for ip£.    • *' S 
'-"-'---    -.   •-"     "-•'    •        --   -     •                            - ,.ü     >  •''--'   '• }:.             &¥-        - f 

One BjrbiträRy dönst&nt in the ..solution of^thig '^qüätio» is determined by the\ Vj| 

condition that    Jp? ~>*^ ö     ^t--- - X -•-=ö
; Tfhile the=,s£he-3r «osstaht must ,-j 

•  "'''-"    .-"   #x           '    'v     ••'                     ^;.:r./,•''•••__   -.--..... I 
"be related to the: .ötjKen&Ih..of. theincident, oblique .s^ock^r_.JEh^pEBöAura, dia- ;• 

tribution   p(x) is of course determined from the pressure gradient., with, the, 3 

condition that p KT^y ~* fl'f • Ciics the ipressuce caätr;£btr©on; il! oht»i7äSir.r~ | 

the development of the boundary layer can be calculated in tepns; c'f ä, single- .. _ | 

parameter related to tho pr assure ratio across the incilertt shockr - 1 

 In calculating the development of the laminar boundary layer in ' 

response to the pressure gradient coEiy.unic.ated,wstrsaa of the; incident shock,, ~| 

the Usual assumptions of the boundary layer theory are to "he employed, so     . * 

long as tho' flow remains attached to the surface-»    This approximate, treat"\ _.' """   v: 
\. - -•-  .-"" -    .'"—..» 

ment of the problem will be iuetifi^d a posteriori by showing that, ths , ] 
-. ..- •-'• -r.   ".•-'"'""-   -''' -1 

pressure. gradient-i~ 2£ is of the order of      -s•s~    J   so-tbMr %r&4    -   "-j 
 T-.--       - tf~-d? -•"---- -••- N^r    ' -. ---> ;--j 

"     ' -       -•     - - .- ~t - "1.:-   - W  -    -.        •  .'• . ! 

-in the viscous flow equations of the type    y^fp-^i)   ^rs *#" *k6 order of   "-_-.. J 

7 
flfc^ 

as compared with the ordinary viscous ^shsar term 

/(>f)  "" 7   Since      -i-JL    , <^ -^r^r   J -U also of the 

order of      *-^sst   .-in thi?j oaae> the pressure is äppröxdsatoly naifore 

Y%* 

-*   Except in tte teaediste region of the incident a&osk"«OäB».' 

^-y1, .'S?^,1"?f13^P^,,'*'.T,•.',^^"*'^^"^",' ?r*"^ ,v * .* ,,:" '      . *' J"*^,TB?S- -^*.•^s,-*rtf"..TL ^* /^tni^y^-r1^. y""-^*, ^^^.«^-s^:^ *..»?,^»» ->*-» «£",,;^— • 
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across- the boundary layer for lar-ge Beynolds numbers.. In, fact,, the re^liws 

of -cui^räfrure  ~-^r^.   of the streamlina near the surface that replaces 
•2:>    • \ - - • •- -" •: : -_^_ 

the^boundary layer flw ie of the order of • _V-P« ^ 

(a) Mo.äified Pohlha-aöort Method for Calculation of laminar 

Boundary Layerr ------- ••-•  ------     --- ---•=•- .-—-• 

Because, of the approximations introduced ill the present stvdy, a . 

Mghly refined treatment of *, IO boundary layer, equations lä hardly Justified« 

The development of tho boundary layer is to be calculated by the Pohlhausen, 

method as. modified by Dorodnitzyn for compressible, flow over an insulated 

plane surface vi-th -the Prandtl number equal to 1.0 (reference %)..    The etart- 

i53£-peint of t«ö PöhihauBsfi iäethod is the von Karm&h integral equation for "-. 

the momentum balance in the boundary layer (reference y): 

x - «t 

>x J t  ?       V r   ^   - • #^ ^ -  Ar>~ 

- ,•'*«ijj!j.,6j^f.;9^f(pM]iajBllww|t_ 

*- ;V,. ."' '  • »• -i -    . •-  -,-- • -„ _'• '"  "" 'v;-- - --"^ .. •*-. .'•• •-":_--•_   - '      .-_ 

•*»-~ *_.'- *.-_-..- -v-. •-• v. -:;;_->,• ' -;»->,.i---j-. - •:.- *---VJ—- - ^«av .jam irwi-.'-gmK •_•••?- -.---,-.•.-  — -.-  J : :.„-, ,_•._-£,?.;;„-A;- 
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i)orodn±tzgn noticed chat this equation is reduced t-o a totm. similar to that" 

for isothevisal, las^ßpeö'd.flow iX tlie coordinates, parallel and normal to the 

•STsrfe.ce- are jaoäifj'sd as follows;: ... --      .:-"-   -=    --...   -  .       _._„-_ :--..-. 

(;i*a)   -"  its   —   -— - """' iL " $ '• 
'•••'-. 

•I- 
"5: 

r 

w   #<--t%*r:-.\ •..•'•'••••;  .     ' :'s 

(Here the subscript "0" denotes "stagnation" values,   and Ä = A U,H, /- 

where- .   PMm-  ~   4^ce%) 
/,"-,- - .-I-; 

•With the, introduction of theae>nev variables.s and t, equation (3) hecc^ss^ 

-• - '•' '" ""'""   __   '- - •/ - ' 

0 

J 

where 

-./ - ••"• isfez-i'sj) - 

i^;.^r " •• 

; is* »( . 
-v;' 

'\ •J.ij; ,,^... C-- v,  - ^ "*". . V. „'*v '•''l'.--. -' ****:••--. "f-v-A. »     ,  . - 'S 

.^   ~ ,*;, -. 
- "**^. ',^&«. .*~äI# .CäTiÄ."\. ...«rr: t^...".*,'*..»-I'A^-^^TA?-..-^" ..«".. -*,- v.-*?*- js.»i?T2s.^•r •"%^+Ti^^sr« "^•Äi." y^Tt "" 
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From the boundary condition for   ^—-      at the surface one finds 

that  iLif*    — — ^ i)l&} .If      ?   SK^J    is EOW_ selected as the BOaX-Cied 
j.*jä>    -        .....,.-     -       - —   — - ._   . .. .   . 

rohlausen, parameter   A! ^   , tSen the velocity distribution, across the 

•bcua&sry i&yer S'ü4.>? .ajggi-qsjaBfcteä_I>y ä fourth, degree. poi^cjiiiivLj, •exactly. ... ..... 

as in the case of "irvcosipressl'ble" flow; 

(-6)       w~ =:   " >> j"   T   o J      -f ^ J      <    y J 

in order that the botajdary conditions 

.ahalLbe satisfied« ._....._        ._ . 

."    ... By jjäifestitutinß. the approximation for the -velocity profile 

(oqxiation %. into sqaation (.5)» a firot-ordej? differential equation iovH^J 

of fh*-: type " .gjt'-sr ^f/A' 4-^'^       )       -ip obtained»   For the purposes of 

the prö'öent investigation JA is more convenient. to rewrite this equation in 

the following form: ~~~; * ~--~ 

•:•••   ii^. -sx^BJy%^)fiCr)-- ;      :::':; 

vhere;(7a) £/\J "=        gg,%^ffi^ ^ 6.> A*    ..   ^    ---"-*- 

•- -.---   ..-•--   gJ-3-p.— <££iiiA--V"      ---•'- 

 — ..     .-.-. _ .-—:.;. .,-    .  ;.3_- ,,.„# 

-   . ....    ärUi> r-.g-H X~.A^ .'   "   , 

*IIi«i£e fyfistl-vtss ore i-äcTKicai -with ti»s<? «tilli<sfl «3 TcaiahftVregg^ 

?3 
'-•' .-J 
•r-.".-ij 

p.i^i^'^.;^?K^r.-^i^^^^\.^'!mt*;. Ji^^^^'^";^^^.^.;^*'..'^-'.  / v. .rT^.w, -''j ^v,^1.^- .'' ".   *";2~'-'~•. „", '".^ V,.,    ;~ i ^~^v~-»*-  ,=**- "~~" '";Z''" '"'.'" ",7^-^ '^J 'TTT'^-W? 
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(7d) 
Vte*   f ^ 

Ät ^ söme paint  |F  01t thö sutfacg' aufficientiy far ppj-ftraem . .  ___.. 

of the incident shock the preeeure gradient is very email, and the böuhsSary 

layer thickness and velocity "profile" are very nearly the eause as for uaifcrtn 

flow. At this point the BeyuoMa number and Mach number are eleo known am 
\    v   ._:_"-"." _-". •  _ t _..'.._->/ar_'_ 

tne value of  A — Xö is calculated from the defining relation " AÄ ö 3%W> 

Integration of equation (7) furnishes the desired relation between )\ 

and the pressure distribution. The grovth of the bou&dary layer dioplaceaient 

thickness,, on »hie}* tha Jreseure gradient In supersonic flow depends la turn, 

is given by the f olldVAag -egressions 

® 4 -'3—   i_-"^A 

U^i ÜHS* 

£- 0,4ft0i   '£?' v^ , ;*- 

£j> _a*ij _ 'y^V.#j;-"-j*^.?:-"*i5^^ iH W- ^w 

//^<r /$r 

"iX*  ^'+t-«^5 a o.rr-- 
( #^ 

wt£h FsiüJavi.ssr/s f?m\iZ-&ti£n f^r ^flr;^.        -   *-"' '"*   ~jf 
^rs»*«**« 

V 
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-""'-"       :^>  öurfa'ce FreBßSre Bistribution Upstream of Flow Separation 

,-•  ""-"'--" -  - . ... _ *%l9A^?^|aysr ^au^tlöns  (7); and (8), together yith. tie 

-        •' -     Präöötlrfteyerreiben (!)> furbish$M conditions, for «qyiiairö». between. ... . 

th^bouhdary layer ön the plane surface and the "extsrnaT supersonic flow./ 

_...    _ .. _.*fi ?rlnci?ie these non-linear differencial equations determine the- surface- I 

pressure distribution-.    Fortunately it. turns out that for   (~~A)   -C    6 

(appro*.),  equation (7) for    >£?/    «« be linearized and thua considerably, 

simplified, and the approximation to ^/-ao determined aatisfies the-, «on-, 

ditipns tor equilibrium very elo&sly i*p; to the feaaodiate vicinity of the i 
-    - - _        ,4 

separation point (if any}-* ".".._ '_| 

.".'    '.".   Ä      \~  -T*^"" ^ .!--" /8° *^* the differentialTfiuation (ilia ' 

approximated by _ ....      _ ....     ..    "    : ":_..".   ..."„. .-.„_-- § 

.-.:_  vhsra   S~--JL--h .and: & prlssa denote aiffey^iaWn "vdHäTrwgjact io T-'.V. ~ 

IShe soiut^jn öf equation""{*#'.£«'U^• """ "'" r^T."- 

"      -"•" L- c     r^-~ —* L - •» - *       - *'   • 

ä 

-i 

•fc 

*_ It ia also s*ne?«t«iEt vit?t thic ^rcx&s&fcLoa. ta ttmf.ri** tbs frWitl-   " f! 
Keyer relation, in -*-Mch s»3s the «nalys£ö: s^pliae i# iaci^tit shoe*« ?<f rrä- V 
»ooer&to »trsnetiu    8MM»«erz it will bs fibö^a Jbmer ttast the *ff;ntory jf,«^' IJ 
rosat^ PCE5»l«teJ^ Stadasr. E£« thös^T^^ %B ?ic-s<i£t %JÄC-ry rsaÄiW e^Iüöfelfe^ fe 
-nXy tor tastäent öKak ««v^a ©r sadfUKt» »trtWBSS,                                   "   -"" -'"••  1 1 

^V.".'^,<* 

• .»,Tj./.,. :..>„.. ,,.:,«-,.,-,.,^,':   .,-«..»—•« -:-r^-,T^''ri*:i« »^«SWVT.' ^!?S?C^?t^r^'*^^'**~*~T*!"^3 
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•_^ife:-/ .'ic=' - -£z*h ^-ft^'^p^fH^- 

t&$8 19. 

-fer^; ^- and--^- are 

very Mali. 

«_ _. jt 

tf- are- «.äfeäarat aonie üpstreeö location £',. yhqra     J2^  *s 

fcr: 

UE-i 

r = 

- #or-,i-ncideat shock waves of moderate- streagth the Mghsr öyfie? tenaa 

in equation TXO^ do not ecatr-ioute appreciably tö the final result vheft ~X< t 

SO that   ---__.. '  _ -'-.'-._"__: " - '-       _----_     '"    ~'   _' 
^v -_- 

(löa)- •.äTF; 
,;/?' W J 

utilizing this approbation for .Vr7änd_equation (9) for J^t      jths_f 

iug.expresaiöiufor    :O.0/g+ tD obtained by differentiating-"'sqjccstföa (#)" 

,-n 
__i: : 

-*. 

(U)- .1- .--4  • f-n-Tt*'-Ja*)-   - -  •        ~1    _//        ...-;.:•.    A 

7fM> »     J & 

TA 1 -h - 6 (W 
r  For large Keynolds nufibers "and aöderate pressure rice upstreem 

of the-ittoiSant Baock wave> a first approbation to the differential eo^tiotL 

f-or-   j*£fj    i& divined f*oa s^^ion fll) snd the P-andtl-Me^r .rolutioiu- - 

f ••-• 
i "i 

? 0 
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: .^Ixe aolutlair of equstioa (12) is ---' _.-_--_"-._..-_ 

thus^, tsc vsessm'S rS.ue cpTsmorJLcated through the boundary"layer decays ex- 

poRfBtiaiiy Tiitii «i-fftesftw *?ps«re*_& of the. irciccnt j?&r_$& wave»    Tas.constant. 

In (12&) must DO relcted to the preccvrc ratio_-cress the incident shock, find 

it ig the." object of the Imccoodlns c^lyais t^ üoteanine Ms relation, 

If "^''".ts the " relegation"di^ttnce'Y o* distance required &xr ths 

disturbance represented by equation (,12a) to decay to     /.     of its original 

value.,  then : 

v 'j      7 

The quantity   -C'r^ ^L-^io ylot-cee? c.;? a f*inctic-u cf Itoch nunbir 

in fi«.v_ew 2-,    The relu.ee.tion distance is Also- *sÄjvr*8Bl*jIe in to nur» oi  tfcc 

distance" 'V fraa.the lcP'Jinj: n&FJs'^t a-flat plete, :w foUw':" "- 

(Here,   the Ajßroxissa-KCoa    -t-j"    y^    ~JJ3'hZ$lfr t~ H     xü fsa££f>X£^~. 

-        • --._     -•*&$--eu^tit-Iiv     -v  -VM- r* '    Iß"ßXäö-^Xotl*<l &£" "-V ?!Jtt~t4-ö&___ *« _KS£&. 
_____     .•-.--.    :_ .-        . ../<«. _ " ; .-.-       . j    ;  _." 

.-nvaaaer in fitful i-     _   -  -.      . """      r"~ 

-V   v -.•'. ";- -'••'-'        '   "M..7.V'    .  .-..•_''':'^0tf-J^': 

. ^."^^r.i^.r-r.r-'^v/Ai^^.t"' -".^"" 
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Near Mil the disturbance «stenäe far- rrosiream because the stream- 

line curvature is extremely smell for a given pressurs riaev or flow deflec- 

^ioitv   w- yv.-    ,    At higher Mach numbers tbe streamline surratvurs iacres«s&  

ana "j£_-  •*' dscreaoes at first.    Hurt's effect its eventually outweighed by the. 

fact that the pressure gradient    H> required to produce a givenrate, of 

"boundary layer growth!" "iLÜ-"" decreases rapidly with increasing Mach 

number«..   Cöneeqüeatly       yfJF&^J*      eventually, increaseo rapidly vith ftach. 

number,    (in spite of this, fact the quantity   MC~* -pns^r   docaeasea «steadily-     - 
-     -•    - •-•;-     . /3^    /*& 

•with increasing Mach number because of the rapid increase of $~   * with. . 

Maeh. number*) ---- 

The approxiisaiten for" the growth of the boundary i&jrwr ddsplaoemont -- 

thickness, or streamline deflection, given by equation f£Q 12 lü&tratoei the 

dominant influence of viscosity in the diffusion of the prüßsure gradient 

upstream through- the boundary la>er. The physio*! situation here Is sctuslly 

quite different than in the more familiar applications of the boundary layer 

theory* In the ease of the boundary layer over e flat plate ib unlites" flow, 

vorticity is continually diffused into the main stream, &nd the-boundary layor 

growth is parabolic,, as indicated by-the third term on the rxglit^aaad aids of 

equation (11}"« When the external flow io non-uniform, as In flow -ovjr & 

dp ""' "    ""    '•' '?•"-" 
curved surface, the pressure gradient ±zd-     is generally of the or<*sr of -*-*• * 

where h is a characteristic body diaension i& the flight dirsetiGJi, . Coaag^ysntly 
i Q C*^     h$ j   r       -   *~J1   -     f- -   • - --   -        - ...        

"fti '^= ^ ^1' ^"-j=-'   J" similarly*    ~K&^' F"^7^-^'',-"iäkd"^e"iläst "tbreo- 

CdJaninant). "terms- .lalbbe*expression ior-     4-ö/g^   '_.'_ Ju es^atisn. £Ui-sse- -    ... 

all of tho gase order öl" angaituöe.    In- the es*ae of the supersonic iQstsrer 

bousfery Iftyor öwr a pi&fte surface upstrasa   of an. indicant stbü^j- #hss>. 

'Vr     .        ••' '^ ;      ' ' 'VV5..1 

- -..^. ^  ^_^      • -    -.    „—,   ..--..     - -   •   ->--•— T' '-'        Ä ~- -• -r - - rt»—-'».-  --.- -^., *•    ••/if*»- v-   -f «-1* w". "^7»•^-- 

•..• a. -—-w 
- 1 



••" r> • 

mW£mmuHivssstgr "-   - -^^-^±Sl^r^^ 
g 

:ÄBBrawoö«a HiJissBsaiC i^BGSASCoKy   - • • ••'" "; -; "" ~ ~—— ----_-.-:-% 

wave.;, -the prafesure gradient -^fV     ,/F*^   - ^"V : r- whil ~7^*@Q-rto ä^'Ö? '^7 TT~-l ^vsJ " 
v**^*       ft        J^~*        '^ " "  *«     ^ 

so-that     fV<Vj~ ^^-fe, an* all the other terns o;a the.right hand side- 

-of ^qus&Lpji £11.5 are irö^g^e"scö^ei?&ä with the tern i-nrdivlnf- -/?  '" *.~   '-"--." 
.--•a 

So far as the surface pressure distributionie concerned the boundary  I 

layer is apparently replaced by a tMi gas film of thickheHB (F*    , within     ;1 

which inertia forces are negligible;. In fact the relation d^/j^^  Ä  ü^ , f 

S» .similar to the relation ^ ^ & £3&   for a thin oil «Ja. 01" Mel-    I 
»r/7 " ..ofos.   "" d*& '--= --•-'' \ --'-"-V 

ness .-£-   in a slightly inclined slipper -bearing (reference 10), although 

the phanoaona are joaturally quite different otherui;ge> 
I 

--------                        _.                    -             - 1 j 

-I» these terms-the increase of the relaxation distance    -%!•# .   L: 

.     "';       .."."."""                     "". ".          '3,   - .'J 
with- Beynoids »umber is perhaps more understandable, ,At high Ksynolde tilgbarer ' ; 

the viscous forces are small relative to the pressure gradients and the ~i 

boundary layer is less able to sustain large pressure -gradients than at low ;» 

Reynolds numbers. For a given pressure rise the relaxation diaiaace. -} 

therefore increases vith increasing Beynoids number, fteasuröd" in absolute" 

•terws, e.g., Jjf     ,-the influence distance deqrsaaai. with..incroaaing-Paynoläs- 
•*»*• ^               1/                          j / fe 

*     :.':!&,.- .      /Ar*    -               M 
„   .            . . L, 

To7)    Calculation of l«ainar Boundary layer With "ZquHttMMutf* Surface tl 
- -   - -                                                   -                                                            "           " "    I"' 

Pressure Distribution    Accuracy of Exponential Jipproxiaatlo». "- . 1} 

-      L             —-7—-------:              "-'        :" ."   """'T    :~"~~~~~.    -_-~~~  ^"""yj.,: -;..-. .__M 
-   .          - A° stated iäthe^ Introduction, a re&ul^-giaäJesrtc s^iatiot (iSa) P 

«as öbtaiaaa by; Cra*attitach and «ieehÄrdt mr tM gro«th of a tsKSli aieturlai&s« 

superpoaed on the "meJn"  eupersonlc stress near the auri'ace of a flat ^3fc*#-   - 
2r- 

& 

- "^WWjyj^f ^•j.^^yij^ 
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Reference 6).    However they put A~ ö: irnmediatexy without further study,    ' 

while- the method of analysis otthe present pap eft öüggöüis that, the exoon*- 

ential   function       in equation. (12a.): may be a good•approxiBjatioa to tft<r-----'—• -' 

"••infiuence"-fimction--up to the imiaediate-, vicinity, of the '"«ep.aratiott.poia^U . ,^ 

To- investigate this-poösi1>iiity> and to determine the behavior of the. boundary 

layer upstream of the incident shock wave, the boundary layer development 

was- calculated from the exact equations (7):aM (8) for a series of representa- 

tive cases,  (Values of "a" in each case are obtained from equation (12a).) 

The rate of boundary layer growth js%r 
Tf 

calculated from the' boundary layer 

equations with the exponential pressure distribution is then compared with 

the rate of growth obtained by integrating the Prandtl-Sayer relation for. 

the required flow deflection, 

(15) **%*  -   ft ft? 
d£ dF 

i/ , At . 

 r K!    °y V 

Results obtained are shown in figures 3(a)-3(d):    (Incident abode 

pressure ratios determined later are indicated in the figure legends,}   Evi- 

dently -the -ex^oacnti^'appTOXSaBatiön'tc ^XJ^j ' "iF"a "good one up to the 

immediate vicinity of the separation, point- 

A striking feet about the i^sü£tetr of the caltuiatiaas is that 

boundary layer separation alasoat alvaya ofecir©,'^sccpt for very wc--*& tnziCeab 

— i-a arbitrary.    (?öhlhai.ufen method eiyeo"" X. ~~£f 7 ' ctrj?tiy ^aki^),'n&l 

it is also •s^il kaosn- f>cso previous ssspsri-ehss v'ith atonic bour^ary iöyaJp.' 

"fi 

S-s 
01 

^•^•^»r?^»»tg*^ss^j--i^ 

V 
 .   -*• - « ». -,— .—, ,« r„- Tafir-!-     •    f' ""££-* »u?!^jÄ^•-",^"ty'-^^ 
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•. at.udies-that the PoMhaueeh method does not predict separaten .soon efipugh, 

SowevesFj ±t ±8 peiisreä that the results obtained, .give the cornet physical _. 

p^ocejs occurring in the läoinar; boundary layer upstream of the inäMerxt. 

shook, .vayä.    Eater fÖeetiönJ 5") it will he- shcnfe höv It-he Incident ahoek 

"preasure rat±o>. the Beynolds nymBSr-aM Mach number affect - the; location of 

the -separation-point -p     ,,, which is a good measure of the extent of the      - 

upstream influence of the incident shock vave:» 

k-..    Laminar fllow Downstream of 3ebäretiöh   "  " '        '""-.':.- 

.(a). Shock ReflectionConditions  ~" "   "~~~~ ' 

If the boundary layer flow ware always- csmp-latöly attache« to the 

surface the boundary layer esTjatiotts could be. applied; up to the iism&dister " 

- - vicinity of the incident shock wave..    Because öf the pressure gradient along 

the surface the boundary layer_flow."separates" befe-re--the flow re&chee^the 

shock, unless the shock ia very.weak»    A region of reversed flov aeTSlpps-   " 

near the surfaee (figure ij^and the boundary layer- equations are of course 

inapplicable doKaatreajB of the eepaSJation-poiäSt *    Boundary laygy ""öeparatios 

makes i* difficult So-determine the surface pressure cistributiGE analyti-c^kij) 

but it doeö at 1&B&% fix irh©.shock ref lection conditions.    Since the "inn«sr" 

reverses flow near the surface is aubsohic> Jt cannot- £-u^port a preoeur^ dis- 

continuity,» -wheat:the inei&eht shook strikes the separate osier *~$e*"f ri.t la 

reflected &s...att -3,\-panEio& "fan* which *tist cancel's the p-^-ö&ure riaa aerose 

_ßii&'flüQGK.,._._ fefehecaratefiVyiey-itt-^ficvteu bads" "toward __the_$or5ac&>..ths. - - 

^fjLow-a^aipgachoa itself to •_ th£". j}urfsoft„.ü£Äa ^wt&mz'dossäf^0s^~;m^r%nä' 

of. rÄVersöö flow Q&$maxxt to the -surface is craasd. 

12 
U 

-3"'i 

A •; 

TSr — 

---.j 

i.Vr: 

«S-= .-4 

" f' ''•*§ 

S3- ^tefoy^frtfg*«^««*»*»' >»')i«n ~> 

X , 

...       . .-.-^- 

.- «* ^»   ,.*j» ^»«r"^r-«sra. <*•,-" erTran?'- pT*«> 
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As the flow returns to its original direction, approjdjiuitejfcy jn^gllel to the. , 

~surface the pressure increases to-the filial value     #g       -*«   " """     _-_-.-_ 

£b)    HelctiQiL Between Surface. Pressure Pi^tributioji ßpß .   .     .  .._- .=- 

_"""      "   \ "."""""" Pressure' ~5atl-a- Across Incident Stock Wave. : ".""~" 

-    Possibly the separated .laminar flow might bs sEenable tö treatment, 

by the methods, developed by Kirchoff anä Lö\^-~Ceyita for flows invoiviag .. - _, 

"free jets% bxit so far only very Hiaif-ed progress can be reported i-% this-_. 
(r^^ --•     Cry   12* 

direction,    However, the relation (11)     ^ V ^ ' ^__ P* W!//    p.       .^ 3/? ."-. 

obtained for the attached boundary layer shows the Aosl nance of robe vid&eaus 

forces ±n d-stsrMning the surface pressure, distribution, and suggests tbs 

&asx=5ißtion that the jaechanism of diffusion of the pressure gradient through 

the boundary layer away from the incident shock is essentially the same for 

the entire, "inner" gas layer adjacent to the surface, vhsthyr the flow near 

the surface is "reversed" or not. In other words, it is aseuaed that the 

surf ace pressur"c--a±strihutioh. satisfies the differential equation..^ 13,5 .." 

pin * v 

r~*Z 

=-•- a- ~fi—=s- 0    -- --      or 

that a. relation of thö fors tlla)       ^£2^~   (frJtl   ^Pf^H $ &*£JL     " 

.^j      .. .r*jv     <*/? 

holds in each of the three distinct flow regions dawnatreea of separation. 

*   So--fa** it iräjassafitär»! tans:yr?mi*JLcixl to türVultn*. f lev d"-** not cccurv ----- -    - : 
eJxperiaoJEt«.! fesült-i obtains*; by tiutnatJi (raf»£&££« -J «ad Ackeret /t^»j^&ncej. ^J 
show l^t"-l«aää»?-.JiW persists ©*en at E*£Siai&&JBP^erc- jfex a?-/^ * ""- "; :--'* 
However, iäeahsitjon eventually aecurs in the eep&ratci outr.r .^etT (--n» SfK-ti«& JTI 

' dW    '., 

' r^'T ' "Ü^M'J "itJFf -^^.yp"^^ ft   «"^2-*>"""'': '-i"*'—-" "****-'""•,(•"*"'T* -^-' .*^^— r»,— -i^ ^-jf1""^^ *^**'^ i— *" *".T" ',', ^T•*,Ä 
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In the^ $2.JgXHieQi6/tfr"E^ic>ixa 2 and 3,. widere the flow in "separated'V 

the general solution, for the surface pressure distribution obtained fta tlCx 

Is of the form "       <?7 --*=.  £„A       _ +\   öj &        . ..".." 

In region 2. upstream of the incident shock Vs-ve the flow soon..becc?ae| 

- "wedge'-like" after separation^ and Bür^see figure). 

 _-—    --- i 

W  i PatfsTT 

5 % 
In region 3, on the^othe».' hand, the thickness of the layer of reversed floyv 

near the surface, is steadily reduced as the flow approaches the "resttachmeht 

point", and P" > 0     .    This fact suggests imposing the condition, P~Q at" f-O; 

Actually only the; jJ    '    solution was. utilised in region. .2 and only the £-_ _ 

~ sbTution^in region 3, hue the discontinuity -in curvature at     f - "      -"- *s;-— "-" 

extremely, small and the effect.oh the surface pressure distribution io also 

small.      In region *f, downstream ox the reattachment point/   ^b —*>       const. 

ihm A*v/~   )    a^      f ~*oOr     i and the applicable solution for pijF }    is. 

-of tfce-J:orm.„..i^   If 4y^ - , Vith.?":**• 0    ... - .__.. :   

-   The pairs of arbitrary constants in the expressions for the sur- 

face pressure distribution are obtained in tsras of the single, .parameter 

&?/   '" '       _J-n j^lT3-011 Ciy^y iaposing the cöhüitiPir -Shot both   J*      and 

^        be continuous on the .surface at the junction of any two f3xw 
a-X - - -    - - —- - ..- . ... 

- regionst    Analytical repxesentÄfcicqis.cf p{ f )    in gacn.of the flow rogicne 

are given in tha Appendix,    la virv of the- hs^sspti^ns introduced, thfcötf 

axpressions. should ac/c be tosses tou literally,» bat it ijr b£lie.v*fc U^t wS7 

do gi?c the correct genörsl behavior of tba .surfac«: VTZW-TZ •ilfijtribu',i<^ 

in euch of the flov region«. 

^'jm ~?*'^:^^^£ --..<•_ k ~-K 

-/At" _v- 
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The relation betveen the surface pressure disti'-rovtion and the 

incident shock pressure ratio.is npw dete^inc'd by~=tdon€ Qf ajj inverse pro• 

"ce^.üre7~vin.Gh amounts to "matching the press ore on the surf ace far donpstrean 

of ..the. incident shock with the value A    behind the reflected shack gave far 

jftCmth«.surface*    Suppqge-theTtafi yet,}: uMetegfilned constant. JH-— I - 

in the expression fofJ?(fJ is selected as a parameter.    Then.,, for any arbi- ~ 

trary value of this parameter/ the development of the attached 'boundary layer 

upstream of the 3hock la calculated, the separation rjcdnt   £      determined 

with the aid of the criterion X^-tO, and $(:$) in region 2 downstream- of    "- .. 

separation calculated bj matching 0 and &$.       at the separation point-    The 

growth of the boundary layer displacement thickness., or the streamline da-. 

JCleGtion,    ^-^/%      ?    iß obtained approximately frcsa the Prandti-Keyer re- 

lation, 

W*- /49V)     =   / (?-$ , 
ec   8 Z 02 *•" knovn just upatream of the incident shock.    Select for "trial" 

ah incident shack wave with flow deflection angle </>      somewhat less than 

0~ (say),-  the condition of constant pressure for the reflection means that 
vl 

Q~ iß given verj  closely by 0P - 28      ,    By utilising ths initial condition 

©• - 6,., and the feet that p and $jk      are both continuous on the surf ace, the 
• --•   J  .  .    --- *•$-... 

surface pressure distribution and boundary layer cieplacvsnent *.,.Jiitnsss in 

region 3 ccii oe calculated.    *ßhe' reattaehaatjt joint ig tiT^n. (crudrl:yj at •fchjs 

section at ishich     %-"**   has the SSEC »alus as at the separation point ujj- •».i 

StresEU    Once the raa-ttacJsieijt point iä fixed ih# s urf^ce pressure disSrtriini-" 
-        - - - -      -       -    ='- -  ;'       •     ;   • /„.,    -  • - - 

tlon in regie? U la d»_astained, and th#,.--#£ls3S af-pro-wm«.:* by      ,£   ;sy      *-ü 
•"•.• . / * 

~Y     j vO     is ^«apareo with  ?£?"   b^hi'Bä th**- reflects «hock.    If _*   *r £   , 

~^q=— .T^»j^,.^.J,«,, v^,——r--: -T^rj-.^r.--^-«-^ JI ~;r-^K?r"'-''?7£Zr-C ~*"^^Sv&Sro-VKwS!S~MjrA =£^.^*.*-^^^^rT^^-f^sX?|~ 
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f or exainp-le, it ftevr ' trial" incident shock yith slightly larger    t/>     *s 

-chween t>"d the above procedure repeated,    fne process is fcuftd %<ö be rapidly 

convergent inmost cases* _Again it must "be- emphasized that nö groat accur- 

acy can; "be claimed for auoh a. process* 'but the result®, probably describe %SM.". 

physical phenonenon correctly,. "_""„.. 

Calculations c-f the ausface pressure distribution and the location, 

of the: separation point ver.e carried Cut for several incident shock pressure 

ratios, at M^ - 1.235 and l\ ^ 3-0^    The results are presented, in figuwse 5& 

aad 5b.    In some cases the Influence of the incident shock wave extends up- 

stream for a distance of the order of 1G0 displacement thicknesses.     

(c)    P.elatioh "Between Surface Pressure PiBtribution and Sboek 

Pressure Batio for Weak Incident Shock-Wave* 

For sufficiently "veak   incident shock waves th* pressure rise com- 

municated upstream is small enough so that the Issiinsr boundary iaysr does 

not separate {. for example,       k. ~   /-Of in figure h)*    In that case 

the pressure inareatiQd exponentAaüy along the surface in accordance wUb 

aquatioa £l2a}.,  at. least, to within, a distance from the shock of the order of " 

a few boundary layer displacement thicknesses• , 

- As the incident shock vave penstrates the outer eupö*B&sic region 

of the boundary layer it is continuously refracts and reflected, ana this 

procesB must cuiÄnat* ia a fairly explicated sfeüÄ-lle« jju,*Ur?} mtsr t£>e - 

line of sonic velocity.   At -say rate the £±a< ..in the tiuperdoxtic poetic» of  . 

the bouruV»ry layer experiences a pressure rib© "tgat i s äöV ssW*i fey tte £«*- 

sonic fl-^w* - A rssd^nstcent of prtssa'ursö t&ke* JjW* --oyjyjtreaes of It's 

:^1 
.* f^vs•^.-?-. . '. n *. -;,;J^ ^S^^W*^^ 
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incident sbadr and it is doubtf ul that the usual assumptions of the boundary 

layer theory hold, "because of the pressure difference across.tSfihoundary_ 

layer (iee figure).* . .      ____.• ~r~~"'"':.: '--'.  '.....-..-. 

r 
So far as the surface pressure distribution downstream öf the in- 

cident shock isi_concerned th3_ assumption could, he aade that the mechanism 

of diffusion of pressure is essentially the. same all along the surfaee -(JUa. -f 

relation (11) fields). Suppose that this aaaumption is adopted tontatiyely"""_._"_- 

•until further study shall clarify the problem,, Tkm,  downstraaa of the shock» 

T ~'J  I (ttA) #-. H4-'-') fr-*-"? ® 
ä on the surface, since p an<3 J2£ are continuous on the surface at ?~ 0   . 

-   •   " :  Sj    ;—  —  ;  :: :"     

*• - d*u,   (%-o ^-,j_=^_i. • •-, vh.ja:^ 
is the presmire behind the reflected shock vave far from the surface; thus 

half the pressure ;-i*« oecurß npstreajn. and" ths remainder dovastreae of the 

shoWL    ta this caso the relaxation -iiatene«  /T'* j  "ar     /  , \ftgur-- r.) 
V 

i3 a good jssssrav or the extent of upfitreos. influence öi" r,&< .-iucMent ,~h-v?\ 

H '• 

ft!: 

\? '• 

V- * 
if*. 

&-^= 

"tS3 

rt*»VJ.t. 

••* iftj-^-i*^' -- ;. " 

<•; tj")"j>£,.'V-4vU^V • ;•   ^-5-»=  SC-"^.r^'"f"^i?5S2S-^£3asir*' 
f/ffi,.;c •»j'ffl.   r> 
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5«    S#|üt'cjf tTpstream Influence of Incident Shock Way».as1 a y.uncti ?n, 

g£Jjhggk Pre^stge Eat^ö,. B&ynoJ^g Narlae^ and Bachhumber^ 

The. considerable extent of the upstream, influence of the incident U 

shock wave Is- a direct consequence of the limited, ability of the laminar-- ;'") 

boundary layer to -support a static pressure rise in the flow -direction with- ,. ] 

out "separating''.    By introducing the eoa.3ita.on X.--/0  as a. criterion for 

separation, a quantitative estimate is Obtained of the m&ximüH peraissibie .. -J:| 
"_.:_.'--.'"".             .    . —                                          '                                                  -             -   - ' ~ *5 
value'bf the preseura gradient for the attached boundary layer.-.    By equation -   £ 

^   (fU = "C•V*"SS   *^:      '            "    V;   •;i-''--: 1 
this- limitation" on the pressure gradient fixes a definite value of the aur- V 

" -. - --- I'j 

face pressure ratio <&/   at separation for each initial" boundary layer. ._ | 
-   '((j-                         -     -                                                          - -      -   - & 

Beynolda number^_ic   and "initial" Hach.nta^er-> l-L -    For inc-Xdeat »hocx------ -f 

pressuro ratios lees than or equal to a certain critical value,  such that g 

f>h ~l    ss   {$£ — ij                              , boundary layer separation doeü not | 

occur.    For incident shock waves- with pressure ratios- greater than this       . - § 

critical .value, such tUat/jL ~fß >{,4^£the boundary layer separates, and the | 
& ft - - *     • " -.--.- I 

location, of the seoaratlon point   j?   ic given bv         ------- |i 

The separatlon^oint moves...farther and -farther upstream vith Increasing s\ 

incident- shook- atrength, and the surface -jirewEErs ratio     $?i/ ^-_./ ^ 

just upstream of the incident shock approaches the limiting, . Yalgaföf  % 

^ LW   ~~U - _ (see Appendix-L    Of_.co^^e^-..:bafor^^^fe:;M»&--    --" — ---äs 

is reached the distanos ,j~_ .grows sufficiently ia^rge so Shit. iai^^j^Ktt»^-;.v - .ü 

otrtssr Iss-insr aj«r Uacceäse «notable before it is .öSruck"% the «as JöStt--' v -,.. ". "'"M 

shock.    Iranaltioa to turbulent flov ccctaps ir. the *#stw aasktlss. sJacpäSc^"."':v» ^V^I 

..4.  *^>«•««^»-y«•«w. —--.--     -  - «-••- •^•'--.^fe-s5Sg^sE^^gäss;.^r.^^ 

Äi    -^ .r^.-T.^.^.-Aj^ «^TftlJCT^^T"-^0*!"?^ 
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: 

pressure rise between, the transition, "peint" and the incident shocl: is .gov- 

erned by the =Cs.a yet) uokno-^ relations for turbulent floy-shock vaye Mter~ 

action (see., for example, figüre 3^ of reference 2), 

With the aid^of the äpprosääatB. criterion, for. separation.^ Ap«-r/£ 

a relation between the location of the separation .point and the incident 

shock pressure ratio,, the Reynolds number and the Kach number is obtained 

£ecm equation (8H     "_f.1:"._  1..'_"--l" --...."-.. 

-.   - -. - - ^ 

»-••  Vf 

X 

where T ' V X lW   = Ö'3d>5   +"    °" ^^ ^   ^ 

wy / / v J       »at       -      .-    ,. „       Vi».  1.           - •    - -        * 

Sö«.- C...    . iepsnds. only.os. tSi». jwc5asVDr« ssxMo.st t&Q s«ed*«€tOÄssiUS^.« 

"  fe«^.^•.   -..„^vg•^.^.., „,,„,, —• -       .».^^^jjj^^jj.^^p 
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Therefore the value off^L.— I'J for a given %^wgar'number ana Mach number 

is- obtained b;y calculating the boundary 3>a^rF€ev:elppÄeiit frosa equations (j) 

and C;8) for one arbitrary value^ot:^e^^ej?öjieteö^ ^/fj    } and determining 
•"-:---.-    •--"•-•--    •-      _>-^\-'\ ,.M?   •''    "-"-- •'•--'.: 
thfc Separation' point location fj   .      Themse?afafion point location, for any 

other value of (ö?7 —17 at the gisfenlral-uee of     &^*.    and Mi.  la obtained 

from the relation     jg,  -        \^v --«, 

Once  £^    is known 'the^calculation of the corresponding incident shock pros-   .." |: 

sure ratio is carried out By the method described in Section k~b..    Figure 6a \.\ 

illustrates the effect of Mich number on the variation of   £   with incident i '• 

shock pressure ratio at a given Beyaolds number} figure 6b shows the effect _;,! 

of Beynolds number at a given J5ach .aumber*   In figures 6c ü.nä 6d tho "separation1* ;'\ 

distaftoe"^>o-    > is pio-eued in terns of the distance from the lending edge "!' 

of a flat plate, ! 

Certain general observations can nOv be jsade concerning the upstream     <: 

Influence of an oblique shock wave incident on a laminar boundary layer ever  --..I; 
.-.""" -"" "" ""  "-" ""'" "   .-.--.       . -     ------     --       _- -  |. 
a plane surface-v =-       -   =-". h 

-'""    TSffeat of Inejeant Bhöck Pressure Itetio L 

When tiie incident shock pressure ratio JL    is lese than $**/ f- 
/'   ------v    -.  -     .:-  .-_ ;   .   .   - -  rS- • •• -    -^'-.   . ' ?l 
(apprexittattrlyj%the bouaiary layer' does not separate and the i^etreäas influence ^ 

Ji.    or JL. is ECünured by the "relaxation distance" 3y or T" 
A- -1".       5    —.- -     _'.-.      •    - _ ( 

<7r' * "   plotted in figure 2;   -""-•_- ..'".' "(; 
;:ä . _- 

ror ±nr4d5nt rrtesek prssa-'wa- ratios grssts-r th*ä*       «^ "   C&p*?r*Ä.-f*   " 

boundary layer' separation o^enro Beaä---J[*: £~ +J£-g  Thorcf or^ - ~jf  c   /•) 

I 

§ 

r-:--v-j« -.- .'-   —— -,^-.—].-_   r"^-S'^"-^-"^--^'v'"?*^^'^^ •^"^'^^^^^rtT"'^^^ 
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/S    .£>                                    --yak.*                              —        -                   -        -               •-..-.    A              -.    ...   .?^--->.  .-**<V ;•••-! 
where -  ^f^J^jthe *r -^i^?Ii i^-olfis number for the "outer separated .. - 1 

supersonic jet v* Ini.ths range the extent of upstream influence increases - J 

rapidly with increase in incident shock pressure ratio, as. inät-cated in figures - ' "•'; 

-6a and 6ä. I • \ 

For incident shock pressure ratio« large enough so that transition 

Wcurs isT'the "jet" the present treatment of the separated laminar fjov region. 

naturally no longer applies, -This situation arises when -JL  ~ «2f& 

(approx.yat %x Or/P -  ' .' For lower Beynolds numbers.  /%J-ia somewhat 

greater than'.' ~JL <ufy        {figures 6a-r6.d}.. .An estimate ofths» extant ef im.- 

stream influence can he maße when more- information is available SJ. to the 

magnitude of •&_  ,    &&Ä"" j/ § -* <£/ " . £-£? A +J^ ;  \ 
*«-A " /if'      T/      A'   K   x 

-y~i 

Vi 

(The pressure rises -very rapidly -±a: the turbulent flow" region jünt upetreea 
of the shock aMrthie i?e£ion is of iS&ited -extent») 

'5ffec-c of Jgach Kuoher (rir.^i rfo^goldg nvgaher,   A^   ) 

(i)    Ke&r aonic velocity (M&I) the pressure ratio ( % —//     . fo.- 

separation; is hi^Cs Ration (l?)},. while the mcxismim possible pre-naure. .eotl? 

across an. IßslOeßfe säscS; «aye i& _not much- eröater than urjity.    Separation 

*   In vh* CÄse^svests «äpora* in rof &renc« ;«r    %?tJ. anpears ;#«• .A- of a- 
order of rx i<v>, but TCry iitt]ö i-JlfoiT^^ Cft ^ pfeftöCÄaCQn ^ .-^^ 
at present-. 

"***' ^^^^fWgf^^^*'• „ ~ **•" 
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generally   does net occur and the extent of upstream. <nfluenc5 is njsaeused. 

For a plane surface with a definite leading edfice> when   -V =V 

the disturbance coraauni caleä upstream of the incident »hock way interfere 

with the flow in the neighborhood of the leading edga.    in that eaeeT a true 

separation of '-Lese  two flows is impossible and the problca is rtmch sore dif- 

ficult.    ••-•'•   ------ . ..  _; _.---'._        -•    .- "_~ ..." 

(ii) . The mit*» of the pressure ratio fft aepsratfeendsopg very _  . 

rapidly wit;i increase in Mach niaiher from unity, until it- reaches a. Äiniiruai 

•value tp;    !S =   / /i" j, and then increases steadily with Hach number thereafter, 

For Beyaolds nssBfaer.-. ( &^J    of the order of 10-„ £4.-$ is oaita as&ll; for 

exanple (for .air),,   (h W/J = 0. o^^A/s/ «35-    Jl •i.^^J ^M /T  ,) Vi7*£ = 

^   */-       ' "^     •••        "  -      '»-'        ^ • * 

" U- - 
corresponding to an incident ehoci; with u/^O^o",'   for H >;.,<.>" 

(äayß  all (^oe&Sble incident oblique shock vaves_,except those of the ^o-colloi 

"weak" -shoeh family with very asalz flow deflections (yi'g ]?J^ «ill Lave .chocli 

presBura ratios greater than £ &L   - „'J*UB>_ for. M,yu^C_j_^& extent- of ,up.--_,-,.- --- 
 jj*/ -       '"'    £s   .-- Ä   

stress influence -V   is centrally »ensured by -7 -A^--^%,7 and is 
/>; 

insröasei; 

rapidly vith Mac«, nun'.-er» for f>~7',&  ^air) {flgta**. 2") 

(iil! ?o:- incident shocks for which  £«•/ ~ «5 s* 

<&v- 

s£<2L 

--3 

~~ ^?U*t!$.. »J- jJC*. 
"ft    —-- -?•=—~'\ 

ation is as follows?    for   *"/•<- / /•£"  {ßpprox,} .«a increase iu Ka£h. «ifjb»*^, 7.-- 
" -      ~   _ 1   „ "   ""-"?'  ""~  ^. 'y _-'"-?,' ^-,*5> 
increases" ~X' '   ^rxz    _*_    , ^h±x?. fcr   t-f^-fS fepgrrx.), cm ißcr»5j>B* in K'.ySh-jXfv1^ 

it wsu-lti ^«J _r.:c.-^e ;y ^.o preysre- <-'i*-vea su<U! es th^ö>r*^ente-2 ir< f!-»ur*i f     "s- 

for a v»".*lf ce.'iar  r-i  *.r rh SK£srt.     In the .tbcos';'   c^ «•r^crls.OEt.3  dcti   J.^rz. 

~*     •!!«•»**--—«        »- " • -»-*»— ^»^wn**.  *•-*?*• -       *«*e?(EM**«>»*41t '¥ |M"W5!   i-J-—--" ^'^.s V^O"--'^H*-J•^r*Si^!Ä?^;- ^ •-'.T\;"SWS 
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f 

l£ small and   ^       ' jk~    S~   <? '  <^~   ~ 
--    y -      - /V 

y ; 

Bf fag't_:ofReynold^ nutsber ..(Fl^ed Bach number) ;..-; 

*i)    Incident • hock waves for which    /%   ä«4     \approx«} vill :.; 

involve transition fco turbulent"flow in the separated jet upatrse© öf the \ 

IsEöckT   The~~effect öf~ä decreäBö la'Iie^öHs'ßümBef Tß"toUicrea.se the. als- " .:"; 

tance "between soparation and transition,, &>id the extent of izpötreem influence f j 

increases rapidly with decreasing Reynolds number in accordance with J - j 
-v  Ü f h "'"'-'"•-     ' 
~   *£^r -h _2_2?x i-     ^or     H.'yr.iS"  and for     <<*     ^ 10   t these .. 

remarks apply, to all incident shocks except those involving very small de-^ 

flections.    At .very high- EejhpldB numbers,.provided U,e boundary layer over 

the surface ie 6ti.ll Isteinar, the di-sfeanee between separation and transition 
T     ^     0/;   _~     /".."    '  ".   .    ...       --•--•_---__••-• 
fife-        t="       <7 «^-       —-<~~-*-W     «...   -    - -   

x        -/* ^-iSöä.^.-.._:Is . - --- V     7". 
(ii)    $"or incident shock Vsves "with präseure rati.es in the" range '     .:  I 

/           ~vf           '           ';'"''""'' "•     '"-'••    '-'"'•           -                   -   :         •-'"-• ¥f 
v&     ^~    $Z ^<*-iLs   f the."Reparation .point rapidly a.weo closer to the iu^i-'-.. l^j 
.7$-:.:<#        jß,V;:-

:,..    •-•..•;:'.'   "•   •,,';/-   -      -    ..._". •'=- \-\--\"" tl 
dent shock wave with decrease in He^nclds nuaber, ard the overall extent . f 4 

of th3 upatreaE ihfluöhee also decreases markedly.    If th* Beynölds nyöber -In /    Jj 

reduced sufficientlyj boundary layer reparation dees not occur &ncL     ..            . W 

'27   ~ ¥"~  V 'A    •     -'•-    - f v     :''"•'" :-- '; •'*'''<•=-•• rM 
Tnis suqutr.ee of events night be observei yhah an öb-tiqua shock vlth .gi'ven ' -  Si 

--- '          '"    "       -            "       .'.'.'-•    :'.' ' --81 
pre05u.r0 rt-tic is ttl?.oyed to .strikö a piT>ne p«rfica cl^eer e:.d ciwjor tc». fie - :  -.-{£; 

leadirc ecgo.    ^li«n, the pressure ^lafrbrmic ..esfimünicsAsd \*Lx-treaei of the- , ??> 
•-  -- -        -.:_-*•---•     ..     -   "   • .  • h 

shock V.-^Jns t-  *rastrews- wdLtl» the ^lov in +.Vi nfi^äJörfiopü Qf -^" baaing- -    . S^ 

.edgeV. the pre cent. atJid^8.C# is fm^Si-Saple*   .         ^  J'"'.   '  '^ - ~~ .-'       "  '-"-.. -   -f,M 

m 

X. •-     - v - '.   -..'.   ...   .-  -v    '< ^-j.v*'Ä«Ä*vr 

^-^SÄSH*-v^t•^~'-TV-^°l <"£-".-'rr^ *, --a* f«^-.   - - '.'•-,-a J«^.^^r?^^^*^^.-.^r^^Isafen v^Jf*^?^?^»'"- V*.^ ^"^^ ' W**ÜST"^?JÄl-^IM5B 
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6-    Spaei Problems. £ or. Future. Inyosti^gtlea. 

faV 'Boundary Layer-Shoek Wave Interaction £or .Supersonic Elo^r 

  iti a Comer-, • • ...... 

* < 

?-"4 

      _.. The. pressure rise across, a», oblique, ahccli generaied-by the^guddett "'. " .V-Vi 

defiectics. of a sr-iperöoaic su-eaia at a solid surfa« .U diffused through the 

-boundazy layer upsirSFjn arid downetfef«» i? the corner.    It asesas reasonable -   \ 

to. ezpeei that the "behavior of a laminar bauncary iaysr or. a ^lass surface-        - -f-| 

upstream of the corns-? is qualitatively similar to the behavior of the laroi- ! A 

nar bbwdary layer iipstream of an incident obliaue chock wave-    £'on _«mf f ieiently "7 Ö 

small pressure rise,  or angle of flov deflection,  th^ "ccü&Sayy layex- tices not .5 j 

separate' and toe" pressure oa toe aurfaje aust gro*.. crrponor- 'ially aa ih.» corner . .ÜU 
, y - (Z f * ä 

is appyoacfto'I-, is accordip.^e vith the relation     4v — •'   ^   G~ &~  S. - —v: 

For flo* deflections larger than, sone critical e-nslj,  r>.:jei diwj on the* Reynolds 

number and Mach rr/nbrVj bo'.n^ai y Is^er separation o.cc'i.*s upstrsiva of th-> 

corner.    The locution''sf the separation .point moves rL'pldly.upctjcsum vitamin-._ . 

crease ;.n the ansle of turn of ths "low above the crIMt*! -.iij.%.    F:Vvi^;u-illy, 

wjt> fu-irfcher •>nrvtao* 5n deflection angle,, transition *.o ',^'bulc-?i.'- i'icc-av« in "" 

the serrated outar..." jet -     >.vsli^at i ,v-ly the iüt^ut uf tl«.»a'.rü£ lüflücm«* 

of the oblique sbuvfe esergir^: £I\ä. t.h<?_.corncr arx?1, i'vp^r,-? urcr 5r-yr~~! ~'t asaüier.. 

and Kfch Tr^b'-"-* ir. *. csnüor vSnil...  Is tV.t *ilrc".''".  - ijt.-rf nf *.-;r  th*;   't15':>r 

shoe1: ir./-o" IrvTitT'-iitV:! a pi- z:a sv^A^c-:-. 

|  • 

f   - 

f,-; 

n n 

ihs main guaeTiena to be settled by furtVu* Tti.-4y ^re: $i|r -shit 4s 

the Ji-\:.i.Zw, of ii.« s>«Lrf>ce pr--o?t're •S1'stri»nitioa to ifi* r:-ree*-4rs- ?^*-r-s rcr---3e 

*,he «biic-je shvjcii "»-.aesvjMK: froa ti« soruffr;  acfi (</* «*4 ilüsitsg. Tihft stssrxts...; . 

s ; 

s •••: 

r^^iV^'vf*"***aw**iJ""  "' * ' 

•-. \ Vf'lj   -... 

••»»III.. ' •••• -^me^ -   —* 
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WM«>»44b£:. of ^;;.ifflart l-s'the qwaBfe'Wwtive" reiafe<wi tefsem w» ,m -~  '   ' \     \> i 

"biie s«o&r-ation point V   .  «T.T -H^ ov.^-i. " -------    -   -  ; 

; prs,a^ di^ut^ ^ W WÄÄ^ito. ie Ü ,re ^ ^ _] 

ttffe*Ion.for-ä clique 3hoc£ ln^Afcon a plane *.*w';«tli V-i^V   '   '  ! 

fiev fefeiilüd the,, reflected shoesu 

ft>   Boiurf'a^Iayer-Shoci: Wave mtera jion for How ai the ^ 

'""'of a.Supersonic Airfc 1 
.« 

ft 

11 

The pressure rise »cross t^obl^ue.shoc* rt "tte-«-nlli^ "«ga of a 

«worn, ^**.4*.au*»-«^^ 

. this phenomenon «üüe, the p„«ure -«rtrtbution over the sjrf««^! the 

Matt*«*, ch^t^stlcs c0fcp.tud on "the- WH i«,^ *** t^ 

'    Bdunte* lW-ehoch uave intention i*..twacase i, aonevhat ***** *** 

__  in the snpe^omc-flew in & corner,  oeenüge nf *>,=  f~ .~,w    »"'•-"--      -   " fi 

"Tent ovsf tfe.reÄT ofthe Airfoil, a^ ^ ftat tfJV J7„ i ' *~ ' """-£ 

:7 the 8TOce.^cpnes a.^r."^ 0n te^^ ^^j^^Vir ^H-ul.- 

"th*8 *" ***** *** ^StI^ ?*^« '««di^io Pr^hly^a ^ortaBt. - I. 
i-ula gradient fust bn ove-yese^ hv «v> «--,-«,*,,,„> „= -  • I'! 

- the ho^derr Iftjc*  bef ere'ci-.paisfttan ca- ,-..,....-   ".. v_',   .^ .  .   '       ;.-'_ _:"     - -' :"- • -::" "ß 

- ratio the dl-j-.oijc^ h •t"ir»<vn tvV ?..-w1-. -«, .        •T   :      ". ~        '~ 

for s flov In f. cari»x\        '     -.--."-'   !     - -   -"   '--'-"..-... •     ^ 

I; 

<.   ..*.! 
*'.} 

^^wwOTwt^lfaw 

<   r- -'"••: 

IS».'"-'!' -r 

..-.1-     .-=.   • . 

.. ,    -    '/   *. 

« ^^f. -^v^-rg» f^- ^ j# , w  >H>f«r.r1^-^,fl  0^^ 
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,ffiROI?AfiIICAL EHGIMSKCNS I^OMSMK 

««ir other ^^bc^_ M^Ä proöiaE^ the ;    .     j 

-       separation ?0±n* sbwld morö steagijv ÜWt-e•-*i **-=+*«;        "T "   -        * '•"-' '-—-'^ 

.        - '  ".. **"* •»'»*-• ~*> —. *. 't*Ul„ e*, ,ta!£ ^^ £-& -   - -::--J 
I                                *-°*L^Ch «umber increases £or    ft *-J7    «M +»» .---..":".._-:: -!'" "._:_.-V; 
I "" ^      - }/2-* _*»* "löreases rapidly vim^ch.       ."" i 
»'• äumiiQr for   ~ A?  T,/"-* T- -*., -^ 
j J ' ~    ;"" - ß ^^ TO?d? th6 ***«* & - W?*fa*ai* infju-•""; •'"• 2 

I •  ' T ''* ****Mtfö* ^ s*oök 9h0^a e*öir '^-vithW**** ^*^4f ] 

r ^ - ft.' «ff«t or Reynold number on W extent of upS*^ ^iaQnco " ""l 

- -V      -     •        ^OUld * ^**^-*^ to. t*e noynoläs „*« «^ fen ^^-      ,   '. j 

of a akwk vave incident on e.plana^^f^.__...; ,:;._,      --;/-- :   ^_:^:^:--';_j 

— -_....<c>    ^bulent Eouaäary Layer-Shock Wava" Interaction/ '" :^ 

•_"    .In many eap^rsoalc flows at M/*h «««-nnM«, •~v    -  -;-  .   /- 
-"'-»" ne/noi-oo nu»bi>rß t.ne b?<^'ary 

- **-*, partic^iy „* a {positive) ^^ ^ ^ ^ ^ ^   ^ """ 

.-••.•.-.• tion.    $he boundary layer »ay also Wturbulent m Wi,v,     «" ="        '" 

._  ~ -»—. "«•"" «^qBr,B„ancLiöK.flight- ait-ftmw "--«v,,,«,-«.-   --*     -~ -".itsat. uu^uaes, twcra tat; radiative- 

-      .  - -   .   -ar aatf Snrbutoni Tindery JEn^s? Eho^f vave -Tj. ,;.,..«-_  .„;      'w "; •# ^,7'--" -13 

- ssaapla)?    (1), the feet tiwt in tsuitoro flov"*h- *^      f - •"    ~^'   r -- ! 

fr-.-.:.."-" "    '"   *udäint"-T>trapawi-^-TÄ-.Ar -T«-—:-=a^—.--^T-"—^——--"-       --~-        '    \       "~:-^•k.  •-_"   -"-„:| 
*.._.. --        -       --      -   -- "."-•SI-;J*«J4* ***£»«••-^^S^-CH^-.ggs^»--. -\..  .    - -s 

• layer"a nuch'la.T?rciB c-'-zszivVr^Min» _^   i:      '       " "~- "''"""•"-&"*—-.   >"*•     "~   a 



X 

laan^or teatoar öo?. ^^iwiii^i?r'eS8uis_gra4i*nt is ie» 

-- lulled to- produce turbulent separation"^%-irM^^^a±3ea*   ^th of 

taaöe; facts' indicate that the mvsfe IJjf V Ü» "'fcirbiäärt bindery 

- ;amergeiat3 jÄocX wave,    Becent e^erlaehteJon, the ^eÖfection afi^a» incident 

•ehpfik waye öcp fcpiana eürffttfe «a*fc ~* -turbulent bbtauary laye*-Shov that' 

the ref lacteff shock -actually ijegi^'itt the ^oomclary layer upal^sv of the 

tecineat shoolc,. apparently hecause of the streng compression vnve* generated 

by the large curvature of the turbulent boundary layer. • 

ihergüeation-ärlses as 1» vhether the boundary layer Xiov r^d th§ 

flwltt the ^ed3.äW-vicinity of the shock wave can be consider** separately, 

as in the oaae of the iaainar boundary lay«*..    A -firet step- in thi? study, ja . 

to determine- tta» relation^^Wee£ the turbuio^Ädary; layer gro^h" £f~ 

and the pressure gra&Tent,,    CsvatltDch and Wieghardt (xg&rencä &) äveli» 

dicated one- method by vhich this may be done in their study of the "at&bittty/'-. 

of the- interaction; between the turbulent boundary layer on ä£1st plate and 

Jä§^externßX" saüsracmic:-3treas»    .Here,-the-EethodnrBre i^CäasariXy-ä^I- ^   '  ' 

- e^irlcsl, bae^e of"the :fre:aent state of knowledge of turbulent bouM&ry 

layer flow. 

T.    gonsluslong   ". "   .-     — '    " V "   ". 

- i^r 9*er $ pi-sße sursacöi the-pr^curs rise cammu^iisd i^stseast thrpögh 

the subsonM ?ertl*& -5? *»* "böüh^ry: TBj<w decays «i^äsfeM^iy^th 4ietfcn©* 

frön ras incident-shoci rare.   The 'relasatios distance*,   ^--öF-S»a-4ifita»fc~ 

~111,^S^r3w»«(®te*^'«s^s?fl«*i*-~ 

••V ... 

r3fK6BfeaB^^££-J^^^ 



"h/:- 

re siacEQßos m^vmrn^t--,. .   j?Bg$% r.^ 
i_S 

1 ' 
-•£J 

rtsquireu J.^*- vae 'UXHHBUXS ax&cMU^UCQ to uecsy to   —£-    cf Its origxruu re.«s,        ?• 

föl» - "--     -------     -    p--"-;     ;   ;'„-- 

where       MhiA _*=- - •-    v= Z_. «-V--f tt^V ti>j      *"      -        &'! 

•*- •_. -.  -        -v_    j/ 

:,r: 

O-he retio -£- ie large near M - lj. falls to.-a H&namum at. 11 ^ . 1*6. (for . - - ..tit.'t 

air)., and thereafter increases rapidly with Mach number- {See- figure 2}-       '$ J 

Ö.     -    Because &£ the pressure Eise along the-surface^, y&o böAttiäary |; j 

layer separatee upstream, of the ahocfc* except for ve^y week incident.. aoek vares,« ;„4 

. Siaf* "the]jfeg.iö& of oubsonic "reversed flow"* near the Surf ace cannot support ._._ _. j^j 

a pre«sure diBcontinuluy, the shock wave is reflected from the separated "'Otti«w* f 

jet*' aa an expansion "fan" which just cancels the pressure riae across the • 

Incident shock. Tan  flow Is. deflected back toward the surface and "reattacbW - I 

itself .d.owss'creaBi öf the reflected expansion, "fan".» As the flow returns to f :! 

its orij^iual direction approximately parallel to the surface., compression  L. 

waves .are pröpagfitad into the ES1& stream, and the pressure along the surface I"? 

riß*sa «tsa/Jiiy te. a value eo.ap,"' to the pressure Uehind tia reflected shock &_j 
-   -    - -      -. - _ - -   -*^--i 

ys^a ff-x'trcsR the aurf.-ace-. Y —--.-------- 

.3—'--•- ---    .-. For -each. ?.eynoldo «uaiber,.    fe^w j. «nd-KECT jsat&er iij^. tha«s 
-ST-1 

ie a. de£fenita valus of the pressure ratio J£_ st aöpcsstioa,   F^r ineiäent site«k   f"o 
'" "•"" • • :r  .. • " -        0 _  --" --       -    -"   . v/" • F; 
waTfoa with BIKWX pressure ratio J4L_<_ &.      f*55P*"<»r--)> hoij&ifery layer ßepara-       |"'- 

•""•" •"•' r      ':  "Ä"""    ~$i ••'•   ""-gr '"   "".""":'.":"-" -.;>q 
tios doag jEK?t cccur and the axt-mt.of t§s3*re6K inl"i>i»»c«s   Jx.      ic awwuroä    . .      El-^ 

••-••'••      • -    - - ..        • . y   . .,•    : "?% 

-  . id 
b-3 

v-,...„. •^~^"]ff^;.~jawwMw^^j^^T-*''^*Tg- 

• a 
H 

.:•• 's«...-.». -:-.... AJ«! :~35i<r; £.\'»'r^*'-C'-^*.>1-     -T.^~-iUoL^^-i*»i'*. . iuV'w -"—-^i*-\iU^~T- i-^-Ä' •'- -^ 

----        --• = 
•    -   -   .JTTF^-S.   Jfc.    ^^Si^^a-,...     »_.... qp^.^-v.^.^y---.     ...             .-«—•--y,.^-     ^ 

''*"- L -    ""     " -- _:£  -~_-* "' -^>«taöÄ«fc!SK5S. j* -a«»   tK«rf«)^^^^s=5^<l5W*n*W!^B,• 



AEBÖHAKl^GÄl ISKIÖSESPfKi- LABÖKAJGRX "; 

±a measured by the zalasali^i: lisim.ce-,    —   -       .. Vhen JL> gs («aprcst*},. fc-hä 

boundary liv-ej' ßcpei't-sc upj^rew« of the incident shoes, vave, and *he separa- 

tion point. location    ilf^.  „.aidvaa rapidly* upstream with increase in shoe& 

preaeur, ***>,   fee,     JL ^ " 1    V " >? :-^2^SS|" 
2'. 

y*s* 

Ic is great ei 

rated ",iet", ''.Theiv  j>_ >, ^j& f<y$*J%\ }      JL  ^^   ^  ^*JL&h 

trot   JL W   eUpL   >  the distance between the separation point and the incident 

shock is great enough so that tsaasition to turbulent flow occurs in the sep- 

; - where" X«   3fs the1" transition Beyhölds nurs^ 
• •  "   • ":    • ' ' - •      . - .   .  *t»   \ _   '  ...  -'/-.-_;._--. 

ber for the asperated Jet. (;Only meagre information is available as to the 

äagMtuöe of %n^     ^but from some recent experiments it appears to be~of the 

order of 2"^-lö5).    . _"\._~1 .7.":  : ;. . /   ; !;__ 

1., i * ".'...:. Certain general conclusions can be drawn concerning th» 

effect of Incident shqcT: pressure ratio, Reynolds number and Mach number on 

the extent of %>etream influence of the ineident shock wave: 

(i) Near sonic velocity { M'~= l   )    the pressure ratio vjg: —*/ 

for Separation is hi^h, while the maximum possible pressure ratio across an 

incident ahoeb wave is not m\*ch greater than unity. Separation .geMrcXIy .. - 

does hot occur &nl th<; extent of upstream iufj-'ience Is me?,s«.r<?<l by _*_,->_ .—r~-r5"" 
:....: .,_,.._-.- "_" "." ' ~k -•' ("^-^ 

(Ü.) For :AjJ7Ä>5".,. and for ^ a*./* * röugaTy/ all poe.siol« in- 

cident oblique ehöc3c va-ve*,. except those, of the ce=«al5«kd *Vei£jtw sho^k. £mi~ 

ilyJwtth voxs small £IOK äcflectiöns* tu}  ~Lf J , v£Xl have? Raock'preo'ätrro 

rati.08 -graaier; than   ^^r.     f and sill invgljve ^graiiaitJEon to txirhnleht -Clov 

In the separated t1et o^atrcüß of ths fhot>;.    %hs jsxtentof upstrsssa.i.ijft.uaöÄ» 

-»,  ,"' oÄ^as>siSs^?Jä^?ai5i»*«Ba*s!'""-r" ~ ST - ~- 
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fiBROIBOTDICAL' EfctJIKEESIKa LmCißPgOW 

4      - - - - —     i?1 this case lg -measured t>y JüL    •/-   ^_   : ! 
I : _     • X -e^d . '• ai^ merö&ges rapidly *&!&      -   "   : 

j • -T -"""-*" ''-'««s.*»,,,,^^^.,^^     •   ,.; 
J - « *T M* »«, n«MS, PWMed ^ SBIM^ ^ - - ^     - 1 

f> ::-."••.:;• -v •-; -*smi "*r- *»«*"* **»*> *~, «* »«i ls ^
; - i 

situation•** as -follow;    vor    ty </J? isaR±J\    . .. f   '        "^;'"   " ""    ^ 
-   _- - - _      "-    -    -       -.------', UEpros^ ;an: increase fn Nach number    "' 

number decrease*  ^       Sä   ^   ~'~     mu • " " "        """"  s 

• -.,.,-,-    •".-; -;'    /    s - - -J1 - -  Tho ^^«*ipa ppint moves «ioe8r'to^ -:-i 
laoiäeat-shock «a\ra^o-»%-5^^—"„M, ~    . 

. ~ — ^  «to *«« in Eeynold«^^ "a*tt tha^raü-    J 
;     .-        .    extent, of toe Jugps-tream influence also vfä-w~ ."" -'-"- --------- :•':--:~-\ 
_;     „ -   -*nce also dev,reascs «stkeSfc   If toe Seynoüfe ..   5 

•   ;   .   --- -   ___        number is rednnnri •ff^<—m„   .    " --     --'-—..-._-'      r   - -- - -f 

SLfTxoienQy, oounaary layer separation do-,. ^+ —- M. 

V        ;       ^    ^ ; A        " " '   :-""~- --,'.—:---" - ;-:-'/" •""_.";„   _"•.« 

Such .a^quea» of 'eveatB Mght be observed if an «M/„        .    .""   ^        -   -•-- ^ °^ "öw^veaii an oblique shöt& öJ -givea .      .; 

p-_ue o.,f^ clo^r end closer to theieadiw   - ..-, -: 
edge. ^* 

- -   as xor_ the- boundary lxiysr*.Bhc«5ät 

^t^Wd«,:ra «--»i^-.to tort to,^!*,-^"^-. ;: 

iBurt-i-ons-and tofce-m -*t^M ^„ ^— -    -;.••.-• ^^ 
-.. *    ~ "~~"W  "- P^PCr «»«*»».«» filter «««»«01 - - 

v^Ä'k. 

1 
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.6«.  ; _     Tt ie already kä°¥» that the subsonic region at :iha houndr-l- 

ary layer pläys an Important roW in the boundary lay&j?-*shock wate interaction 

problem. Tpe present study indicates- that cönsiaöration öf „the..visco»?: exacts. . 

in the boundary layer is al&o essential for an understanding of the phenomenon* 

7> _ ._ Some öf tie methods.of the present study can be .generalized, 

to treat latain&r boundary layer-shock.vave interaction for supersonic flow 

in a. corner, and for- the flow" near the trailing edge of a sATpesCBosic ai-Efoii. 

In these cases it is already clear thai; for a given -gemet^y, i.e*, giyeu 

fiov   deflection, the extent Gf_upstrsa£ influence -of" the oblique shock in- - 

creases rapidly with Bach wamber for lasal M>Jä ' .    5fe«af. it "is. not safe 

to generalize conclusions obtained from data at iov supersonic M&ch numbers 

to: high, supersonic-Mach'numberaV    "" -.   "'''.-—_.'       -:-_ — , 

It is also possible that turbulent boundary layer-shock 

waye inter«ctions can be treated by methods similar to those of the. present 

paper, but there is. some creation ag to, yheJhosr the boundary layer flow can 

be- considered separately from the flow in the iöäßedlate viciiiit} of the shack 

-ws-<cev — '--"        -----   - - -•      — 

*- •-*  •.-':-, 

~--t      «•'-' \' 

X ... •'.*." r»r*  - -~ 

:^S!^^SIJ'i2s31^ 
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felwÄi''-'— ~; 
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